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1 Introduction 

Let be a nonempty bounded connected open subset of R N (N = 2 or 3) 
of class C°°. Let T > and let u C Q be a (small) nonempty open subset 
which is the control domain. We will use the notation Q = Q x (0, T) and 
£ = dn x (0,T). 

We will be concerned with the following controlled Navier-Stokes system: 

y t -Ay + (y- V)y + Vp = vt u in Q, 

V.y = inQ, (L1) 

y = on E, 

y(0) = y° in Q, 
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where v stands for the control which acts over the set u. 

The main objective of this work is to obtain the local null controllability of 
system (11. ip by means of N — 1 scalar controls, i.e., we will prove the existence 
of a number 5 > such that, for every y° G X (X is an appropriate Banach 
space) satisfying 

\\y°\\x<5, 

and every i G {1, . . . , N}, we can find a control v in L 2 (u x (0, T)) with 
Vi = such that the corresponding solution to (11.11) satisfies 

y(T) = in Q. 

This result has been proved in [lj when oJ intersects the boundary of Q. 
Here, we remove this geometric assumption and prove the null controllability 
result for any nonempty open set u C Q. A similar result was obtained in [2] 
for the Stokes system. 

Let us recall the definition of some usual spaces in the context of incom- 
pressible fluids: 

V = {ye H^(n) N : V • y = in fi} 

and 

H = {ye L 2 (Q) N : V • y = in SI, y ■ n = on dQ}. 
Our main result is given in the following theorem: 

Theorem 1.1. Let i G {1, . . . , N} . Then, for every T > and u> C Q, 

there exists 5 > such that, for every y° 6 V satisfying 

\\y°\\v<s, 

we can find a control v G L 2 (u x (0,T)) , with Vi = ; and a corresponding 
solution (y,p) to (II. ip such that 

y(T) = o, 

i.e., the nonlinear system (11.11) is locally null controllable by means of N — 1 
scalar controls for an arbitrary control domain. 

Remark 1.2. For the sake of simplicity, we have taken the initial condition 
in a more regular space than usual. However, following the same arguments 
as in and J7|/ ; we can get the same result by considering y° G H for N = 2 
and y° G H D L 4 (fi) 3 for N = 3. 

To prove Theorem II. 1| we follow a standard approach (see for instance 
[B] , [3] and [1] ) . We first deduce a null controllability result for a linear system 
associated to (11.11) : 
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I 



y t - Ay + Vp = f + vl u in Q, 

V • y = in Q, 

y = on E, 

y(0) = y° in Q, 



(1.2) 



where / will be taken to decrease exponentially to zero in T. We first prove a 
suitable Carleman estimate for the adjoint system of (11.21) (see (12.41) below). 
This will provide existence (and uniqueness) to a variational problem, from 
which we define a solution (y,p, v) to (ll.2p such that y(T) = in Q and = 0. 
Moreover, this solution is such that e c/( - T - t) {y,v) £ L 2 (Q) N x L 2 (u x (0^))^ 
for some C > 0. 

Finally, by means of an inverse mapping theorem, we deduce the null con- 
trollability for the nonlinear system. 

This paper is organized as follows. In section 2, we establish all the tech- 
nical results needed to deal with the controllability problems. In section 3, we 
deal with the null controllability of the linear system ( jl,2p . Finally, in section 
4 we give the proof of Theorem 11.11 

2 Some previous results 

In this section we will mainly prove a Carleman estimate for the adjoint system 
of (jl.2p . In order to do so, we are going to introduce some weight functions. 
Let uq be a nonempty open subset of H N such that Uq C oj and rj £ C 2 (Q) 
such that 



The existence of such a function n is given in [5]. Let also £ £ C°°([0, T]) be a 
positive function satisfying 



| V77I > in Q \ uq, rj > in Q and 77 = on <9f2. 



(2.1) 



£(t) 
l(t) 



= t Vi £ [0, T/4], £(t) —T — t Vt £ [3T/4, T] 
<£(T/2), yt £ [0,T]. 



(2.2) 



Then, for all 



A > 1 we consider the following weight functions: 



a(x, £) 




£ 8 (t) ' UX ' J £ 8 (t)' 



a*(t) 



maxa(x, £), £*(£) = min^(a;, t), 




(2.3) 



a(t) 



mina(x,t), ^(t) = max^(x, t). 




These exact weight functions were considered in [7]. 
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We consider now a backwards nonhomogeneous system associated to the 
Stokes equation: 

—ip t - A(p + V7r = g in Q, 
V • , > = in Q 

ip = on E, 

y?(T) = y9 T in fl, 

where g G L 2 (Q) N and y? T G i/. Our Carleman estimate is given in the 
following proposition. 

Proposition 2.1. There exists a constant Ao, such that for any A > Ao there 
exist two constants C(A) > and sq(X) > such that for any i G {1, . . . , iV} ; 
any g G L 2 (Q) N and any (p T G H , the solution of (12. 4p satisfies 



s 4 1 1 e~ bsa *{CYW\ 2 dxdt <C I / / e- 3sa *\g\ 2 dxdt 

(2.5) 



Q 



N T 



+ s? E / I e- 2sS - 3sa *(0 7 \^\ 2 dxdt 



w 



/or every s > So. 

The proof of inequality (12.51) is based on the arguments in [2], [3] and a 
Carleman inequality for parabolic equations with non- homogeneous boundary 
conditions proved in [7]. In [2], the authors take advantange of the fact that 
the laplacian of the pressure is zero, but this is not the case here. Some 
arrangements of equation (12.41) have to be made in order to follow the same 
strategy. More details are given below. 

Before giving the proof of Proposition 12.11 we present some technical re- 
sults. We first present a Carleman inequality proved in [7] for parabolic equa- 
tions with nonhomogeneous boundary conditions. To this end, let us introduce 
the equation 

N 

u t - Am = f + ^ d jfj in Q> ( 2 - 6 ) 

where /o, /i, • • • , /jv £ L 2 {Q). We have the following result. 

Lemma 2.2. There exists a constant Ao only depending on Vt, ujq, r] and £ 
such that for any A > Ao there exist two constants C(X) > and's(X), such that 
for every s > 's and every u G L 2 (0, T; if 1 (fi)) fl H 1 ^, T; H^ 1 ^)) satisfying 
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(12.61) . we have 



1 1 f e - 2sa \\Vu\ 2 dxdt + s II e- 2sa i\u\ 2 dxdt 



sJJ £ 

Q Q 

i ,, 2 

12 ^ 



< C [s-i\\e- sa i-*u\\ 2 Tl lr ^ + s-z\\e- sa C*Ahv) 



+ i_ yy e -^a\M dxdt+ j2 jj e - 2sa \f 3 \ 2 dxdt 

Q ^ i=1 Q 

T 

2sQ/-i .|2 



+ J J 6 ^\ u \ 1 I ' ^ 

wo 



Recall that 



l M H#il2(£) = [}\ U \\ 2 H 1 / 4 (0,T;L 2 (dn)) + II M II Z, 2 (0,T;ffV2 (an)) J 

The next technical result is a particular case of Lemma 3 in [2] . 

Lemma 2.3. There exists C > depending only on fl, ujq, r\ and I such 
that, for every T > and every u G L 2 (0,T; H l (Q)), 



x 1/2 



// 



< C ( s yy e- 2sa £\Vu\ 2 dxdt + s 3 \ 2 J J e~ 2sa ^\u\ 2 dxdt | , (2i 

Q o; 

/or ever?/ A > Ai and every s > C. 

Remark 2.4. In [2], slightly different weight functions are used to prove 
Lemma \2. 3[ Namely, the authors take £(t) = t(T — t). However, this does not 
change the result since the important property is that I goes to polynomially 
when t tends to and T . 



The next lemma can be readily deduced from the corresponding result for 
parabolic equations in [5]. 
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Lemma 2.5. Let ((x) = exp(Xi](x)) for x £ Q. Then, there exists C > 
depending only on Q, uq and rj such that, for every u £ Hq(Q), 



t 6 A ! 



J e 2T <C>\ 2 dx + T 4 \ 6 J e 2 ^C 4 |Vn| 2 dx 
n n 
/ 

V 



< c 



-3\4 



A 4 | e 2r <( 3 \Au\ 2 dx + T 6 \ 8 J e 2r ^ 6 \u\ 2 dx | , (2.9) 



for every A > A2 and every r > C . 

The final technical result concerns the regularity of the solutions to the 
Stokes system that can be found in [8] (see also [9]). 

Lemma 2.6. For every T > and every f £ L 2 (Q) N , there exists a unique 
solution u £ L 2 (0, T; H 2 (tt) N ) n ^(0, T; H) to the Stokes system 



u t — Am + Vp = f in Q, 

V • u = in Q, 

u = on S, 

u(0) = zn n, 

/or some p £ L 2 (0, T; if 1 (f2)) ; and t/iere exzsfo a constant C > depending 
only on Q such that 



\u" 2 



< en/11 (2.10) 

Furthermore, if f £ L 2 (0, T; H 2 (£l) N ) n fl^O, T; L 2 (fi) w ) ; ffcen 

it £ L 2 (0, T; H 4 (Q) N ) n ^(0, T; H 2 (Q) N ) and there exists a constant C > 

depending only on Q such that 



I II 2 _L II II 2 



(2-n; 



<c(||/|| 

2.1 Proof of Proposition 12.11 

Without any lack of generality, we treat the case of N = 2 and i — 2. The 
arguments can be easily extended to the general case. We follow the ideas of 
[2]. In that paper, the arguments are based on the fact that An = 0, which is 
not the case here (recall that 7r appears in ( 12. 4p ). For this reason, let us first 
introduce (w, q) and (z,r), the solutions of the following systems: 

— w t — Aw + Vg = pg in Q, 

V 'T° (2-12) 
w = (J on h, 

w{T) = in Q, 
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and 

— zt — Az + Vr = — pV i n Qi 
V ■ z = in Q, 



(2-13) 

z = on E, 

z(T) = in fl, 



3 * 

where p(£) = e~^ SOL . Adding (12. 12ft and ( 12. 13ft . we see that (w + z, q + r) 
solves the same system as (pip,p7i), where (</?, 7r) is the solution to H2.4ft . By 
uniqueness of the Stokes system we have 

pip = w + z and pit = q + r. (2-14) 

For system H2. 12ft we will use the regularity estimate f !2. 10ft . namely 

\\ W \\ 2 L 2 (0,T;H 2 (n) 2 ) + 1 1 M 11/^(0,^1^(0)8) < C||P5 , ||z,2(Q)2, (2.15) 

and for system f |2. 13ft we will use the ideas of [2]. Using the divergence free 
condition on the equation of (12 . 13ft . we see that 

Ar = in Q. 

Then, we apply the operator VA = (d\A, c^A) to the equation satisfied by Z\ 
and we denote ip := VA^i. We then have 

-ilh -Aif> = -V(A(pVi)) in Q. 
We apply Lemma 12.21 to this equation and we obtain 



J(s;V) := ^ J J e- 2sa ^\Vij\ 2 dxdt + s JJ e~ 2s(X ^\ 2 dxdt 

Q Q 
A II „—sa 




< C [s-*\\e- sa C 

+ 11 e~ 2sa \p'\ 2 \Aip l \ z dxdt + s / / e'' 2sa ^\' 2 dxdt I , (2.16) 



u)o 



for every A > Ao and s > s". 

We divide the rest of the proof in several steps: 

• In Step 1, using Lemmas 12.31 and 1 2.51 we estimate global integrals of Z\ 
and z 2 by the left-hand side of (12.161) . 

• In Step 2, we deal with the boundary terms in (12.161) . 

• In Step 3, we estimate all the local terms by a local term of tpi and 
el(s; ip) to conclude the proof. 
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Now, let us choose Ao = max{Ao, Ai, A2} so that Lemmas 12.31 and 12.51 can be 
applied and fix A > Ao. In the following, C will denote a generic constant 
depending onO, w and A. 

Step 1. Estimate of Z\. We use Lemma [2.31 with u = Azi~. 



I I e~ 2sa £ 3 \A Zl \ 2 dxdt 



r 

<C Is J J e~ 2sa i\^\ 2 dxdt + s 3 J J e~ 2sa ^ 3 \A Zl \ 2 dx dt I , (2.17) 

V Q wo / 

for every s > C. 

Now, we apply Lemma [2.51 with u = Z\ G Hq(Q) and we get: 

r 6 J e 2T t( 6 \ Zl \ 2 dx + T A J e 2T <( 4 \V Zl \ 2 dx 

<clr 3 J e 2 ^( 3 \A Zl \ 2 dx + r e J e 2 ^( 6 \ Zl \ 2 dx j 



for every r > C . Now we take 

s 

T = 



for s large enough so we have r > C. This yields to 

s 6 j e 2s H"\zi\ 2 dx + s 4 J e^^z^dx 
n n 



\ n oj / 



for every s > C. We multiply this inequality by 

exp I —2s 



e 2 -Mhll°< 

and we integrate in (0,T) to obtain 

Q Q 

T 

<c\* jj Jjt-°-e\«?**\, 

Q uio 
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for every s > C. Combining this with (12. 17ft we get the following estimate for 

Zf. 



s «. j i e - 2s <*£ 6 \ Zl \ 2 dxdt+s 4 JJ e-^^lVz^dxdt+s 3 J J e~ 2sa i 3 \A Zl \ 2 dxdt 

Q Q 
T 

<C \s I / e~ 2sa ^\ 2 dxdt + s 3 J J e- 2sa ( 3 \A Zl \ 2 dx dt 

w 
T 

-2sac& \ _ |2, 



J J 6 ^ ^ ' 

lj 

for every s > C. 

Estimate of z 2 . Now we will estimate a term in z 2 by the left-hand side of 
(12.181) . From the divergence free condition on z we find 

s 4 FT e -^^*Y\d 2 z 2 \ 2 dxdt = If e- 2sa \Cf\diZi\ 2 dxdt 



(2.19) 

< s 4 // e- 2sa ^\Vz±\ 2 dxdt. 



Since z 2 \en = and Q is bounded, we have that 

J \z 2 \ 2 dx < C(tt) J \d 2 z 2 \dx, 
n n 

and because a* and £* do not depend on x, we also have 

s 4 J J e- 2sa \CY\z2\ 2 dxdt < C(n)s 4 J J e- 2sa \Cf\d2Z2\ 2 dxdt. 

Q Q 
Combining this with (12.191) we obtain 

s 4 [[ e- 2sa \Cf\z 2 \ 2 dxdt <Cs 4 [[ e- 2sa ^\V Zl \ 2 dxdt. (2.20) 



Now, observe that by fl2TTij) . §ZT5§ and the fact that s 2 e- 2sa (C) 9/i is 
bounded we can estimate the third term in the right-hand side of (12.161) . In- 
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deed, 

r e- 2sa \p'\ 2 \Aip 1 \ 2 dxdt= II e- 2sa \p'\ 2 \p\- 2 \A{p Vl )\ 2 dxdt 



Q 



<C is 2 e- 2sa {C) 9/4 \A Wl \dxdt + s 2 / / e- 2sa (C) 9/i \A Zl \dxdt 



Q 

< C | \\pg\\ 2 LHQ) 2 + s 2 I/ e- 2sa {Cf\A Zl \dxdt 

Putting together (12.161) . (I2.18p . (I2.20p and this last inequality we have for the 
moment 

e ^ (W ^ /J e— Ifl'NW // e-£»| A*,'** 
Q Q 

+ \JJ e- 2sa -^\Vip\ 2 dxdt + s J J e~ 2sa ^\ 2 dxdt 

Q 

-ill^-setd— 7-/.II2 , „-^ll„-sQ!t-|„/.||2 



T 

+ \\P9\\h iQ) i + s J J e- 2sa m 2 dxdt 

u)o 

T T 
.'ill ^-2sat3|A~ |2j„, j+ i „6 / / „-2sa/-6u |2, 



+ 7 J e- 2sa ^\A Zl \ 2 dxdt + s b J J e- Zsa C\zi\ dx dt \ , (2.21) 

wo wo 

for every s > C . 

Step 2. In this step we deal with the boundary terms in (12.211) . 
First, we treat the second boundary term in (12.211) . Notice that, since a 
and £ coincide with a* and £* respectively on E, 

||e- SQ >||i 2(s)2 < C|| S 5 C -^(0^llwW)»l|a- i e-^(e*)"*V^|| £ a(g). 

Q Q 

so 1 1 e~ SQ! * ^ 1 1 i2( S )2 is bounded by the left-hand side of (I2.2ip . On the other 
hand, 

s^\\e- sa rh\\h(^ < C^||e- s >||i 2 ( E)2 , 
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and we can absorb s 2 ||e sct, Ill, 2 (s) 2 by taking s large enough. 

Now we treat the first boundary term in the right-hand side of (12.2ip . We 
will use regularity estimates to prove that Z\ multiplied by a certain weight 
function is regular enough. First, let us observe that from f |2.14j) we readily 
have 



J J e (Znp\ m dxdt 

Q 

<2s 4 ff e- 2sa *(C) 4 \w\ 2 dxdt + 2s 4 II e- 2sa \Cf\A 2 dxdt. 



Q 



Using the regularity estimate (I2.15P for w we have 
e~ 2sa '(CY\p\ 2 \v\ 2 dxdt 



Q 

< C ^\\pg\\ 2 LHQ)2 + s 4 Jj 'e- 2s «*(e) 4 \z\ 2 dxdtj , (2.22) 

thus the term \\s 2 e~ sa * (^*) 2 pcp\\ 2 L2 ^ 2 is bounded by the left-hand side of ( 12 . 2 lj) 

and |H|£ 2(Q) 2. 
We define now 

z:= se- sa *(C) 7/S z,r:= se~ sa * (C) 7/8 r. 

From (12.131) we see that (z, r) is the solution of the Stokes system: 

-% -Az + Vr = -se- SQ *(£*) 7/8 pV - (se~ sa * (C) 7/8 )tz in Q, 

V-z = inQ, 

z = on E, 

z(T) = in a 

Taking into account that 

K| < C(r) 9/8 , \p'\ < Csp(C) 9/8 
and the regularity estimate (12.101) we have 

lklli 2 (0,T;H 2 (Q) 2 )nH 1 (0,T;L 2 (Q) 2 ) 

<C\\\se {& ) p<f\\ L 2 iQ) 2 + \\s e (f ) z\\ L2{Q)2 j , 
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thus, from (EZZJ) , || se" SQ! * (^*) 7/8 

^lli 2 (o T _ff 2 (n) 2 )n_ff 1 (o t-l 2 (S7) 2 ) ^ s bounded by the 
left-hand side of (T2T2Tj) and HpsH^g^- From f[2TT3j) . (l2TI5j) and this last in- 
equality we have that 

\\Se {C, ) PV 9 llL 2 (0,T;H 2 (n) 2 )nH 1 (0,T;L 2 (n) 2 ) 

< C ^IIP5 , IIl 2 (Q) 2 + H 2; lli 2 (0,T;// 2 (n) 2 )nH 1 (0,T;L 2 (f7) 2 )) > 

and thus ||se" SQ *(^*) 7/8 p^||^ 2(0T; ^ 2(n)2)nHl(0jT;L2(n)2) is bounded by the left- 
hand side of (I2.2ip and ||p<7|||2(Q)2- 
Next, let 

z:= e- sa \C)' 1/4 z, r:= e~ sa * (Cy 1/A r. 
From (I2.13p . (z, r) is the solution of the Stokes system: 

-% - Az + Vf = -e- sa *(e)" 1/4 pV - (e- sa * (Cy 1/4 )tz in Q, 

V • 2" = in Q, 

2" = on E, 

z(T) =0 in tt. 

From the previous estimates, it is not difficult to see that the right-hand side 
of this system is in L 2 (0, T; H 2 (Q) 2 ) n -H' 1 (0, T; L 2 (fi) 2 ), and thus, using the 
regularity estimate (12. lip , we have 

ll Z llL 2 (0,T;i/ 4 (Q) 2 )n// 1 (0,T;_H' 2 (r2) 2 ) 

< C M|se sa (0 7 ^ 8 P < p|li 2 (o,T ; // 2 (n) 2 )n/f 1 (o,T;L 2 (c) 2 ) 



+ \\se Sa (O 7/8 ^lli 2 (0,T;/f 2 (f7) 2 )nH 1 (0,T;L 2 (f7) 2 )) 



In particular, e~ sa * {C)~ X/ H e L 2 (0,T; H\Q) 2 ) n ^(0, T; H-\Q) 2 ) (recall 
that ■?/> = VA^i) and 



'(D-^lli 2 ^^) 2 ) and lle-^r)- 174 ^!!^^-!^) 2 ) (2-23) 



are bounded by the left-hand side of (12.211) and Hpflil^gp- 
To end this step, we use the following trace inequality 

-1/2 II -sac-kMfl l 1 = S- 1/2 ||e- SQ *(r)"^|| 2 i i 



By taking s large enough in (I2.2ip , the boundary term s 1//2 1| e so £ * 1 i t 



#t'$(£) 2 

can be absorbed by the terms in (I2.23P and step 2 is finished. 
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Thus, at this point we have 

e- 2sa \CY\p\ 2 \v?dxdt + s 6 II e-' 2sa ^\^ Zl \ 2 dxdt 



T 

-2sa f 6i \2, 



+ \JJ e- 2sa ^\A 2 Zl \ 2 dxdt + s I / e- 2sa £\VA Zl \ 2 dxdt 
Q 

<C I \\pg\\ 2 LHQ)2 + s» J J e-^eWdxdt 

V ui 

T T 

LU() LUQ 



(2.24) 



for every s > C. 

Step 3. In this step we estimate the two last local terms in the right-hand 
side of (I2.24p in terms of local terms of Z\ and the left-hand side of f)2.24p 
multiplied by small constants. Finally, we make the final arrangements to 
obtain (l2~5l) . 

We start with the term VA^i and we follow a standard approach. Let uj\ 
be an open subset such that uq <e uj\ <s uj and let p\ G C 2 {yj\) with p\ = 1 in 
Co>o and p\ > 0. Then, by integrating by parts we get 

T T 

s J J e- 2sa £\VA Zl \ 2 dxdt<s J J Pl e~ 2sa i\VA Zl \ 2 dxdt 

U)Q 1U1 

T T 

-2sac\2„ A ~ J™ i S I I A I „ „~2sac\\ A ~ |2, 



= - s J J Pie~ 2sa £A 2 Zl A Zl dxdt+ -J J A{ Pl e~ 2sa i)\A Zl \ 2 dxdt. 

U)\ LUl 

Using Cauchy-Schwarz's inequality for the first term and 

|A(Pie~ 2sQ OI < Cs 2 e- 2sa i\ s > C 
for the second one, we obtain for every e > 

T 
loo 

T T 

<~ J J e- 2sa ^\A 2 Zl \ 2 dxdt + C(e)s 3 J J e~ 2sa ^\A Zl \ 2 dx dt, 

u)\ uji 
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for every s > C. 

Let us now estimate Az\. Let p 2 £ C 2 (u) with p 2 = 1 in k>i and p 2 > 0. 
Then, by integrating by parts we get 



s 3 y j e- 2sa ^\A Zl \ 2 dxdt< s 3 j j p 2 e- 2sa ^\A Zl \ 2 dxdt 

wi ui 

T T 

= 2s 3 J J V{p 2 e- 2sa ^)VA Zl ■ z x dx dt + s 3 J J A(p 2 e- 2sa ^)A Zl ■ z x dx dt 

w w 

T 

+ s 3 y J p 2 e~ 2sa ^A 2 Zl ■ Zl dx dt. 

w 

Using 

|V(p 2 e- 2sa ^ 3 )| < Cse- 2sa i\ s > C, 
for the first term in the right-hand side of this last inequality, 

|A(p 2 sV 2sa £ 3 )l < CsV 2sQ £ 5 , s > C, 
for the second one and Cauchy-Schwarz's inequality we obtain for every e > 

T 

s »/yWiA*i^ 

u)i 

(T T 
s// e ~ 2Sa \\^ Zl \ 2dx dt + s J J e~ 2sa t\VA Zl \ 2 dxdt 
ui w 

T \ T 

+S3 / f e ~ 2Sa ^\ Azi \ 2dxdt \+ C ( e ) s7 f J e~ 2sa £ 7 \ Zl \ 2 dxdt, 

w / w 

for every s > C. 

Finally, from (I2.14p and (I2.15P we readily obtain 

T 
cj 

T T 

<*fjs*~M M **** + *JJf*~i>W*** 

w w 

T 

<2 S 7 | | e - 2 ^ 7 |p| 2 |^i| 2 ^rft + C||p^||i 2(Q)2 . 

u 
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This concludes the proof of Proposition 12.11 



3 Null controllability of the linear system 

Here we are concerned with the null controllability of the system 

y t - Ay + Vp = f + vl u in Q, 

klQ y P.I) 

y = (J on h, 

y{0) = y° in Q, 

where y° G V, f is in an appropiate weighted space and the control v G 
L 2 (co x (0, T)) N is such that v { = for some ie{l,...,N}. 

Before dealing with the null controllability of (13.11) . we will deduce a new 
Carleman inequality with weights not vanishing at t = 0. To this end, let us 
introduce the following weight functions: 

(3(x,t) = = , ^(x.t) = — , 

/3* (t) = max/3(x, t), 7*(t) = min r y(x,t), (3.2) 
j3{t) = min/3(x, i), j(t) = max7(x,t), 



where 



IKIloo 0<t<T/2, 
£(t) T/2<t< T. 



Lemma 3.1. Let i G {1, . . . , N} and let s and A be like in Proposition ^. 1\ 
Then, there exists a constant C > (depending on s and X) such that every 
solution if of (12.41) satisfies: 

e-^\ 7 r\<P\ 2 dxdt+y(0)\\i 2(n)N 

<c(ffe- 3s ^\g\ 2 dxdt+ J I e-W-^yitptfdxdt] . (3.3) 

Proof: We start by an a priori estimate for the Stokes system (12. 4p . To 
do this, we introduce a function v G C 1 ([0,T]) such that 

v = 1 in [0,T/2], v = in [3T/4,T]. 
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We easily see that (utp, utt) satisfies 



—(vtp) t — A(u(p) + V(v<p) = vg — i/cp in Q, 

V ■ (v<p) =0 in Q, 

(ytp) = on E, 

(u(p)(T)=0 in ft, 

thus we have the energy estimate 

H Z7( / : 'llL 2 (0,T;H 1 (fi) JV ) + ll' / 'Vlli° (Q,T;L 2 (n) JV ) — ^( II V 9 II L 2 {Q) N + II U>( P II L 2 (Q) N ) > 

from which we readily obtain 

\\ i P\\L 2 (0,T/2;L 2 (n) N ) + \\ { P(^)\\L 2 (n) N ^ ^( II 9 II L 2 (0,3T/4;L 2 («)*) + II ¥ II L 2 (T72,3T74;L 2 (0) , 

From this last inequality, and the fact that 

e -3s/3* > (7 > o, Vi G [0, 3T/4] and e" 5sa *(f ) 4 > C > 0, W G [T/2, 3T/4] 
we have 

T/2 

V 5 ^v)^r^+ib(o)iii w 




f2 



/ 3T/4 



< c 



3T/4 



V 



j Je-»r\g\*dxdt+ J j e-^\CTM 2 dxdt 



\ 



■ (3-4) 



o n T/2 o 

Note that, since a = /3 in ft x (T/2,T), we have: 

T T 

-5s/3* (*\4,\ in \2j^ j+ _ I I „-5sa*f£*\4\,„\2. 



J 




e P {l*Y\<P\ dxdt= J J e~ bsa {CTWVdxdt 
t/2 n t/2 n 

<C II e- 5sa *(C) 4 \v\ 2 dxdt, 



and by the Carleman inequality of Proposition 12.11 




e - 5s P*(j*) 4 \cp\ 2 dxdt 



t/2 n 



N 



<C \ j j e~ 3sa *\g\ 2 dxdt+ I I 1 




-2sa-3sa* r c\7 \ , „ \2 



(C) dxdt 
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t/2 n 



Since 

e -3sfr^ e -2.$-w~7 > (7 > o, Vt G [0,T/2], 
we can readily get 

T 

V 5s/3 *( 7 *) 4 M 2 cfecft 



<C (ff e- 3s ?*\g\ 2 dxdt+ J I e-^-^y\ Vj \ 2 dxdt 

which, together with 03.4)) . yields ( 13. 3p . 

Now we will prove the null controllability of (13. ip . Actually, we will prove 
the existence of a solution for this problem in an appropriate weighted space. 
Let us set 

Ly = y t - Ay 

and let us introduce the space, for N = 2 or 3 and z G {1, . . . , N}, 

E* N = { (y,p,v) : e 3 / 2 ^* y, e ^+ 3 ^^- 7 / 2 vt u G L 2 (Q) N , Vi = 0, 
e 3/ 2s p* ( T *)-9/8 y e l 2 (0, T; tf 2 ^) n L°°(0, T; V), 

e 5/2^( 7 *)-2 (jLy + Vp _ vtu) G L 2 (g) V } 

It is clear that E l N is a Banach space for the following norm: 



1/2 



\\(„. „ ,^|| . _ f II 3/28(8* ||2 , || S (3+3/2s/3*--7/2 « ||2 

+ ||e 3 / 2 ^(7*)^ 8 y|li 2(0 , T;H2( , )J v ) + l|e 3 / 2 ^(7*)- 9/8 y||^ ( o,T ; v) 

+n e w( 7 *)- 2 (Ly + vp - ii 2 w y 



Remark 3.2. Observe in particular that (y,p,v) G E l N implies y{T) = 
in Q. Moreover, the functions belonging to this space posses the interesting 
following property: 

e w (iT 2 (yV)yeL 2 (Q) N . 

Proposition 3.3. Let i G {1, . . . , N}. Assume that 

y°EV and e 5 ^* ( 7 T 2 / e L 2 (Q) N . 

Then, we can find a control v such that the associated solution (y,p) to (13. ip 
satisfies (y,p,v) G E l N . In particular, Vi = and n(T) = 0. 
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Sketch of the proof: The proof of this proposition is very similar to the one 
of Proposition 2 in [3] and Proposition 1 in [3], so we will just give the main 
ideas. 

Following the arguments in [5] and [6] , we introduce the space 
P = { (X,*) e C 2 (Q) N+1 : V • x = 0, X = on £} 
and we consider the following variational problem: 

a((£a),( X ,a)) = (G',(x,a)) V( X ,a)eP , (3.5) 
where we have used the notations 

a((x,£),(x,<7))= // e^(L*x + Va)-(L* X + Va)dxdt 



iV 



T 



w 



(G,( X ,a)) = ^ f- X dxdt + j y°- X (0)dx 
q n 
and L* is the adjoint operator of L, i.e. 

£*X = ~Xt ~ Ax- 
It is clear that a(- , •) : P x P i— )• R is a symmetric, definite positive 
bilinear form on P . We denote by P the completion of Po for the norm 
induced by a(- , •). Then a(- , •) is well-defined, continuous and again definite 
positive on P. Furthermore, in view of the Carleman estimate (13. 3p . the linear 
form (x, o~) i — y (G,(x,o~)) is well-defined and continuous on P. Hence, from 
Lax-Milgram's lemma, we deduce that the variational problem 



V(x,a)eP, (£a)eP, 



(3.6) 



possesses exactly one solution (£, a). 
Let y and w be given by 

£ =e - 3 ^(L*£ + Va), in Q, 

vj = -e-^- 3 ' p yxd U^il Vi = mux(0,T). 

Then, it is readily seen that they satisfy 

N } r ~ 

e 3s ^\y\ 2 dxdt + / / e 2s/3+3s/3 *7" 7 |%| 2 rfxdt = a((x,a),(x,a)) < +oo 
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and also that y is, together with some pressure p, the weak solution (belonging 
to L 2 (0,T; V) D L°°(0,T; H)) of the Stokes system (EE]) for u = v. 
It only remains to check that 



s 3/2 aj SV_,*\-9/B 



( 7 *)-«/«^ e ^(o, T; tf 2 ^) n L°°(0, T; 7). 



To this end, we define the functions 

y 



e 3/2sr (7 *)-9/8~ p * = e 3/2^ (7 * r 9/8^ 



and 



Then (y*,p*) satisfies 



r = e W (7 * ) -9/8 (/ + ^ ) _ 



r Ly* + v P * = r + (e 3 ^ (j*r 9/8 )t v m <?, 



V ■ = 

[ 2/ *(0) = e 3 / 2s ' 3 *( )(7*(0))- 9 V 



in Q, 
on E, 
in Q. 



(3.7) 



From the fact that /* + ( e 3 / 2s/r (7*)~ 9/8 ) t y G L 2 (Q) N and y° G 7, we have 
indeed 

G L 2 (0, T; H 2 (tt) N ) n L°°(0, T; 7) 
(see (I2.10p ). This ends the sketch of the proof of Proposition 13.31 



4 Proof of Theorem 1.1 



In this section we give the proof of Theorem 11.11 using similar arguments to 
those in [6] (see also [3] and [1]). The result of null controllability for the 
linear system (13.11) given by Proposition 13.31 will allow us to apply an inverse 
mapping theorem. Namely, we will use the following theorem (see pQ). 

Theorem 4.1. Let B\ and B 2 be two Banach spaces and let A : B\ — > B2 
satisfy A G C X (B\\ B 2 ) . Assume that b\ G B\, A{b\) = b 2 and that A'{bi) : 
B\ — > B 2 is surjective. Then, there exists 5 > such that, for every b' G B 2 
satisfying \\b' — b 2 \\B 2 < there exists a solution of the equation 

A(b) = b', beB v 

We apply this theorem setting, for some given i G {1, . . . , N}, 

B x = E l N , 

B 2 = L 2 (e 5/2s/3 *( 7 *)- 2 (0,r);L 2 (fi) JV ) x V 
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and the operator 

A(y,p, v) = (Ly + (y ■ W)y + Vp - vl u , y(0)) 
for (y,p,v) G E l N . 

In order to apply Theorem 14.11 it remains to check that the operator A is 
of class C 1 {Bi\B2). Indeed, notice that all the terms in A are linear, except 
for (y ■ V)y. We will prove that the bilinear operator 

{(yi,Pi,vx), (y2,P2,v 2 )) -»■ (yi ■ V)y 2 

is continuous from B 1 x B 1 to L 2 (e 5//2s/3 * ( 7 *)~ 2 (0,T); L 2 (Q) N ). To do this, 
notice that e 3 / 2s/r (Y)~ 9/8 y e £ 2 (0, T; /7 2 (fi) 7V )nL oo (0, T; 1/) for any v) G 
Bi, so we have 

eVWtfyWy G L 2 {0,T;L°°{n) N ) 

and 

V(e 3 / 2s/3 *(7*)- 9 / 8 y) G L°°(0, T; L 2 (Q) N ). 
Consequently, we obtain 

||e 5/2sr (7*)- 2 (yi-V)y 2 || i2(QF 

< C||(eW( 7 *)- 9 / 8 yi • V) e 3 / 2 ^( 7 *)- 9/8 y2|k 2(Q )- 

<C\\£W{i')^y 1 \\ IP ^ L - ia) » ) ||e 3 / 2 ^(7*)- 9/8 Z/ 2 ||^(o,T;H 1( n n . 

Notice that ,4'(0, 0, 0) : B x -» fi 2 is given by 

•A'(0, 0, 0)(y,p, v) = (Ly + Vp, y(0)), V(y,p, v) G B u 

so this functional is surjective in view of the null controllability result for the 
linear system (13. ip given by Proposition 13.31 

We are now able to apply Theorem 14.11 for b\ = (0,0,0) and b 2 = (0,0). 
In particular, this gives the existence of a positive number 5 such that, if 
||y(0)||v < then we can find a control v satisfying Vi = 0, for some given % G 
{1, . . . , N}, such that the associated solution (y,p) to (II. ip satisfies y(T) = 
in Q. 

This concludes the proof of Theorem 11.11 
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